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that the Godbillon-Vey class and the Bott class are related via complexification.
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I ntroduction

Secondary characteristic classes are one of the main toolsin studying foliations.
In the holomorphic category, there are some results on complex secondary char-
acteristic classes, e.g. [5, 9, 1], but their properties are not yet fully understood.
In this paper, the space of complex secondary characteristic classes, denoted by
H*(WU,), is studied and the following results are shown:

Theorem A. There exists a spectral sequence
Ey* = H' (W, ®W,) ® H”(BGL(g; C)) = H*(WU,).

Infact, d, = Ofor r > 292 + 4q + 1.

Theorem B. Complexification of foliations induces a natural isomorphism be-
tween H%*1(WU,) and H?+1(W,) if g is even, between

H2q+1(Wq ®V\_/q)/H2q+1(WUq)
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252 TARO ASUKE

and H%*+Y(W,) if g is odd.

Seethefirst section for definitions concerning secondary characteristic classes.
Complexification is introduced in the second section with an example.

The meaning of Theorem A is as follows, namely, the differential induces a
natural mapping from the classifying space Bl“qC for transversely holomorphic
foliations of complex codimension g to BGL (g; C). Its homotopy fiber BF_qC is
the classifying space for transversely holomorphic foliations of complex codi-
mension g with trivialized complex normal bundle. Thus the cohomology of
BFqC might be calculated, if H *(BF_qC) were known, by using the Serre spectral
sequencewhose E>-term isH*(BF_qC) ® H*(BGL(g; C)), becauseBGL (¢; C) is
simply connected. Theorem A assertsthat thisisstill valid for secondary classes.
See Section 1 for more details.

Theorem A will be shown by constructing a certain differential graded algebra
WU, whichisisomorphicto (W, ®W,)®Clb1, by, - - - , b,] asgraded algebras
and whose cohomology H*(WU,) isisomorphicto H*(WU,). Thisisdonein
the first section. Theorem B will be shown in the second section.

The author is grateful to the referee for his valuable comments, especialy for
suggesting asimplified proof of Lemma1.5.

1 Déefinitions and Proof of Theorem A

First recall secondary characteristic classesin order to fix notations. The coeffi-
cient of cohomology is chosen as C unless otherwise stated.

Complex secondary classes are defined in terms of the following differential
graded algebras (DGA's for short).

Definition 1.1 WU, and W, ® W, are DGA's defined as follows. First let
Clvy, - -+, v4] be the polynomial ring with generators vy, - - - , v,. The degree
of v;, denoted by degv;, isset to be 2. Let /, betheideal generated by mono-
mials of degree greater than 2¢, and set C,[vy, -+, v,] = Cluvy, -+, v41/1,.
C,lv1, - -+, v,] isdefined by replacing v; with v;. We set

WUq = /\[ﬁl, ) ﬁq] 02 Cq[vla Ut vq] ® Cq[l_)lv Tt l_}q]»
W4®Wq=/\[ul,"' ,uq]/\/\[’/_‘l,"' »ﬁq]®cq[v1,"' ’vq]
® Cq[ﬁl’ IR l_}q]
The differential is defined by requiring du; = v; — v;, du; = v;, diu; = v; and
dv; = dv; = 0. Weset degu; = degu; = degi; = 2i — 1. Elements of DGA's
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COMPLEXIFICATION OF FOLIATIONS AND COMPLEX SECONDARY CLASSES 253

are expressed as usual by using multi-indices, for example, u; = u;, - - - u;, and
vy=vft v for I = {ig, -+ i} and J = (j, -+, Jjy)-

The cohomologies of these DGA's are regarded as the spaces of complex sec-
ondary classes for foliations as follows. First let Bl“qC be the classifying space
for transversely holomorphic foliations of complex codimension ¢, then the dif-
ferential induces a natural mapping from BI"; to BGL(g; C). Its homotopy
fiber, denoted by BF_qC, is the classifying space for transversely holomorphic
foliations of complex codimension g with trivialized complex normal bundle. It
is known that elements of H*(WU,) (resp. H*(W, ®Wq)) determine charac-
teristic classes of transversely holomorphic foliations of complex codimension
q (resp. transversely holomorphic foliations of complex codimension ¢ with
trivialized complex norma bundle). Indeed, there are homomorphisms

X H*(WU,) - H*(BI'y) and X°©:H*(W,®W,) - H*(BIY)
called the universal characteristic mappings [5, 10]. In particular, the elements
of H*(WU,) and H*(W, ®Wq) which involve i;, u; or u; are caled complex
secondary classes. Let ¢ bethe natural mapping from Bl’_qc, to Bl“qC and * bethe
induced mapping on the cohomology. If we define a homomorphism of DGA's,
say ¢, fromWU, to W, W, by theformulae ' (&;) = u; — it;, !'(v;) = v; and
/(9;) = v;, then the induced mapping ¢, : H*(WU,) — H*(W, ®W,) and the
mapping ¢* together with the universal characteristic mappings as above form
the following commutative diagram:

H*(WU,) —— H*(W, ®W,)

| I
H*(BI'Y) —— H*(BT)).
By abuse of notation we denote the mapping ¢, again by ¢*.

Real secondary classesaredefinedintermsof thefollowing DGA’s. Coefficients
are chosen to bein C for simplicity.

Definition1.1' WO, andW, areDGA'sdefined asfollows. LetC,[cy, - - - , ¢4]
be the truncated polynomial ring obtained by replacing v; with ¢;. The degree
of ¢; isset to be 2i. We now set

qu = /\[hla h3v R} h[q]] ® Cq[Cl, T, Cq]v
Wq = /\[hla h27 T hq] ® Cq[Cl, I} Cq]9
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254 TARO ASUKE

where [¢] denotes the greatest odd integer which is not greater than ¢g. The
differentia isdefined by requiringdh; = ¢; anddc; = 0. Wesetdegh; = 2i —1.

Let BI, be the classifying space for real foliations of real codimension g.
Then there is again a natural mapping from BT, to BGL (¢; R). The homotopy
fiber is denoted by BT, and it is the classifying space for real foliations of real
codimension ¢ with trivialized normal bundle. Asin the complex case, thereis
the following commutative diagram:

H*(WO,) —— H*(W,)

l l

H*(BI,) —— H*(BT,),

where the vertical mappings are the universal characteristic mappings and the
mapping in the bottom line is the mapping induced by the natural mapping
BT, — BT,. Finaly, the mapping in the top line is induced by the obvious
inclusion fromWQ, toW,.

Elements of H*(WQ,) (resp. H*(W,)) can be considered as characteristic
classes for rea foliations of real codimension ¢ (resp. rea foliations of real
codimension g with trivialized normal bundle). The elements of H*(WQ,) and
H*(W,) which involve h; are called real secondary classes.

Remark 1.2. If R ischosen asthe coefficientsin Definition 1.1, it suffices to
consider H*(BTI,;; R) and H*(BT,; R). Thisisindeed the usua formulation.

The following classes are significant:

Definition 1.3.

1) The Godbillon-Vey class GV, is the edement of H%*Y(W,) or
H?1™1(WO,) defined by the cocycle h;cf.

2) The Bott class Bott, is the element of H%+1(W, ®W,) defined by the
cocycle upv].

3) The imaginary part of the Bott class &, is the element of H%*1(WU,)
defined by the cocycle v/—Tii1 (v! + v! 151 + - - - + o).

Itisknownthat .*&, = —2Im Bott, = v/—L(u1v] —it197) in H¥ (W, @W,)).

One of the waysto realize elements of H*(WU,) as elements of the de Rham
cohomology [10] leads usto the following
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Definition 1.4. We set

Wuq = /\[klv k25 Y kq] A /\[]El’ 1229 Y lgq] ® Cq[vl’ U2, -, Uq]
®Cq[l_]la 52’ T l_)q] ® C[bl’ b2a ) bq]v

where degk; = degk; = 2i — 1and degv; = degi; = degh, = 2j. WU,
is equipped with the differential determined by requiring dk; = v; — b;, dk; =
v; —b; anddv; = dv; = db; = 0. Notethat theelement k; — k; can benaturally
identified with u;, and under thisidentification, WU, is naturally a sub-DGA of
‘WU,. Theinclusion is formally denoted by «.

By following the usual construction, using connections, of the universal map-
ping x¢ : H*(WU,) — H*(BI), the universal mapping x° : H*(WU,) —
H*(BI';) can be constructed, and they satisfy x© = X© o a.. Moreover, they
are essentially the same:

Lemmalb. Leta: WU, — WU, be the inclusion as in Definition 1.4, then
the induced mapping «,.: H*(WU,)) — H*(WU,) is an isomorphism.

Proof. Theproof presented hereissuggested by thereferee. The original proof
was more computational .
First define asub-DGA B of WU, by setting

B:/\[lgl,---,Eq]®C[b/,~-,b;],

where b! = b; — 1;. Notethat WU, = B ® WU, as DGA’s, where WU, is
considered as a sub-DGA via«. We now introduce a filtration on WU, by
setting

Fy=(c-c e WU, | € B and degc’ > p),

where the right hand side means the subspace generated by the elementsinside
the bracket. Note that F, is closed under 4. It is straightforward to see that
E1 = B® H*(WU,), E; = H*(B) ® H*(WU,) and that d, = 0if r > 2in
the resulting spectral sequence, where d, : E, — E, denotes the differential
induced on E,. Since it is well-known that H*(B) = C, this completes the
proof. O
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Remark 1.6. One can show by direct calculations that the inverse mapping of
a, isinduced by the mapping «’ determined by

o (k) = Eﬁia o (k) = _éﬁia o' (vj) = vy,
/= = 1 1 =
a(vj)=vj and a(bj)zé(vj+vj).
The original proof was based on this fact.

Proof of Theorem A. Let F, be the subspace of ' WU, defined by
Fp = (kikyv,ogby |2|L] = 2011 + 22+ -+ + qly) = p).

then WU, = Fo D F1 = F, D F3=F4 D --- and F,, isclosed under d. The
E;-terms of the associated spectral sequence satisfy EJ* = HP™(F,/F,41),
where

<k1]€MU]17KbL ‘ 2|L| = p) if p iseven

F, F =
Frt =0, if p isodd.

Let B, be the subspace of C[by, --- , b,] which consists of the elements of
degree 2p, then F,/F,;1 = W, ®W, ® B, as DGA's if p is even. Thus
E1 = H*(W,®W,) ® H*(BGL(g; C)). Noticing that d; = 0, we see that
EY' = ED’.

As H*(W, ®W,) = {0} if x > 22+ 4q [7],d, = Oforr > 2g°> +4q + 1
and this spectral sequence convergesto H*(WU,) = H*(WU,). O

Remark 1.7. Thereisanother spectral sequencewhich convergesto H*(WU,)
faster [3]. The meaning of the filtration is however not clear.

L et us now determine the space H*(WU,) in lower degrees. There are three
important mappings. First, let T = d, : E®"~1 — E"° be the transgression
map. Second, the projection from WU, to Fo/F1, = W, ®W,, induces at the
cohomology level the natural mapping «* via the identification of Lemma 1.5.
Finally, we denote by 7 * the mapping from H*(BGL (¢; C)) = C[by, - - - , b,] 1O
H*(WU,) = H*(WU,) induced by the inclusion. This corresponds naturally
to the mapping induced by the projection from BFqC toBGL(g; C).
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Lemma 1.8. The cohomology H*(WU,) in lower degrees is determined as
follows:

1) H"(BGL(gq; C)) = H"(WU,) forn < 2q.

2) The following sequence is exact:

0— HXL(WU,) 5> HZH W, @W,)
5 H%*2(BGL(g; C)) — 0.

3) H#+2(WU,) = {0}.

Proof. First, H"(W,) = {0} for 0 < n < 29 + 1 [7]. On the other hand,
one can easily see that H1(WU,) = {0}. It follows from general properties of
spectral sequencesthat there is the following exact sequence in positive degrees
upton =2g + 2:
—~ H"YBGL(¢:C) = H''WU,) S H"™LW,’W,)
5  H"(BGL(q;C)) —
—  HX2(W, ®W,).

Since H*(W, ®W,) = H*(W,) ® H*(W,), we see that H"(W, @W,)) = {0}
if 1 < n < 2q. Moreover, one can see from the form of the Vey basis [7] that
H?%2(W,) = {0}. Indeed, if h;h;c; represents a member of the Vey basis
which is of degree 2¢ + 2, then the number of the entries of 7 is odd. We may
now assumethat i’ > i forany i’ € I, thenitisshownin[7] that i;c; isalso a
member of theVey basis. In particular 4;¢;, isof degree at least 2¢q + 1. Onthe
other hand, &, is of degree at least 3, which is absurd. Hence

HY+2(W, ®W,) = {0}.

The claims now follow from the facts that H?'+1(BGL (¢; C)) = {0} and that
7* = 0indegreesgreater than 2¢ (thiscorrespondsto the Bott vani shing theorem
[5D). O

Let

c+c¢
R =
12

ce H4H(W, ®Wq)}

and

c—7¢C _
7= c e H4 (W, W }
{2 — Wy @W,)
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Recalling that the Vey basis of H271(W,) is of the form h;c; withi + |J| =
g + 1[7], let ¥ be the linear mapping from H%*1(W, ®W,) to H2+1(W,,)
satisfying the conditions ¥ (u;v;) = ~/—1h;c; and ¥ (it;0;) = —/—1h;c;, and
sety = you*. Let u bethelinear mapping from H* (W, ®W,) to H2+1(W,,)
determined by the condition w(u;v;) = w(i;vy) = hicy.

Ast(u;vy) = t(i;v;) = —b;by, * isan isomorphism from H%*1(WU,) to
7. The exact sequence in 2) of Lemma 1.8 then can be read as follows:

Corollary 1.9.

1) y is an isomorphism from H2+X(WU,) = 7 to H**(W,) such that
y(—3&) = GV,.

2) wisanisomorphism from R to H%+1(W,) suchthat «(Re Bott,) = GV,
and p(Im Bott,) = 0.
Remark 1.10. Theinverse mapping y ~* isin general complicated. For exam-
ple, wheng = 2,
1
4/-1

2 Relation with Complexifications

y Hhico) = (1(v2 + V2) + up(v1 + v1)) .

Definition 2.1. Let (N, G) be a transversely rea analytic foliation of red
codimension ¢. A transversely holomorphic foliation (M, F) of complex codi-
mension ¢ is said to be a complexification of (N, G) if there is an embedding
i: (N,G) — (M, F)suchthat G istransversely totally real with respect to F.

Note that the complexifications discussed here are different from the ones
considered by Haefliger and Sundararaman [8].
The mappings y and . are related to complexification as follows.

Proposition 2.2. Let (N, G) be a real foliation of codimension ¢ whose normal
bundle is trivial. Leti: (N, G) — (M, /F) be a complexification. Assume that
the complex normal bundle of F is trivial when ¢ is odd. Theni* : H*+(M) —
H%+(N) induces (—1)% 1 if ¢ is odd, (—D%y if ¢ is even.

Bull Braz Math Soc, Vol. 34, N. 2, 2003



COMPLEXIFICATION OF FOLIATIONS AND COMPLEX SECONDARY CLASSES 259

Proof. Let Q(F) be the complex normal bundle of ‘F, namely, Q(F) isthe
complex vector bundle locally spanned by ail e, % modulo 7 F ® C, where
(z1, -+ , 24) isalocal holomorphic coordinate systeminthetransversal direction
and T F isthe set of leaf tangent vectors (see[2] for details). Similarly let Q(G)
be the normal bundle of G which is the real vector bundle locally spanned by
the vectors ai—l . % modulo TG, where (y1, - - -, y,) isalocal coordinate
system in the transversal direction.

Supposefor awhilethat Q (F) istrivial and let s be atriviaization. Let V, be
the flat connection with respect to s. As G istotaly real with respect to /F, we
may assume that i*s is the complexification of atrivialization, say, sg of Q(G)
and i *V; isthe complexification of theflat connection for sg. Similarly, if Vg be
acomplex Bott connection on Q (F) then i*V isthe complexification of a Bott
connection on Q(G). Hence by suitably choosing Hermitian and Riemannian
metrics on Q(F) and Q(G) ® C, we may assume that i*u; = (—v/—1)'h;. It
followsthat i*it; = 2 (—+/=1)' h; if i isodd and that i*%; = 0if i iseven. Let

uiv; € H4HW, ®W,), then i*(uv;) = (—/=1"lhc,,
where |J| = j1 + 2j2 + - - - + qj,. ASsume now that ¢ is odd, then
vy +iivy) = 2D hie,  and  i*(uivy — iivy) = 0.

Here we used the fact that 2i — 1+ 2|J| = 2¢ + 1. On the other hand, if ¢ is
even, then i*(u;v; — it;0y) = 2(=1) % (—v/=D)h;c; and i*(u v, + i;9,) = 0.
Noticing that u;v; — i;v; isin theimage of «* : H*(WU,) — H*(W, ®W,)
and such classes can be constructed without using trivializations but only using
connections, we see that the triviality of Q (F) isunnecessary if ¢ iseven. This
completes the proof. O

Theorem B now follows from Corollary 1.9 and Proposition 2.2.

Remark 2.3. Let « be the mapping from W, @ W, to W,, defined by the for-
mulae

k() = (—/=D'h;, k(i) = V=D'h,
k(@) = (V=D and «@®) = (V-Dc;,

then the induced mapping «.: H*(W, ®W,) — H*(W,) coincides with the
complexification. Note that the above proof in fact shows that « induces a
mapping . : H*(WU,) — H*(WQ,). Notice also that

H2q+l(WOq) ~ H2q+l(Wq)
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if g iseven.

Thefollowing fact is asimple consequence of the Bott vanishing theorem and
the form of the Vey basis. An element of H*(W, ®W,) is said to be a product
classif itisthe product of elementsof H*(W,) and H* (Wq) of positive degree.

Proposition 2.4.  «, : H*(W, ®Wq) — H*(W,) annihilates product classes.

Proof. Letu;u;vyandu;upvy beelementsofH*(Wq)andH*(Wq).Wemay
assumethat i + |J| > g andi < k, where k is the minimum integer such that
Jji #0[7]. Hence2|J| > g. Similarly 2|J'| > g andthus2(|J| + |J']) > 2q.
Thereforecyc; = 0. O

Beginning with a transversely holomorphic foliation, one can first forget its
transverse structure and then complexify it. Associated with thisprocedure, there
isacomposition of the mappings

H*(WUy,) %5 H*(WOp,) & H*(WU,),

where [A] is the mapping obtained by forgetting transverse holomorphic struc-
tures[1]. Similarly, onecanfirst consider areal foliation and complexify it, then
forget its transverse structure. The resulting sequenceis

H*(WO,,) & H*(WU,) 5 H*(WO,).

We know little about [A] o k.., while we have the following

Proposition 2.5. The composition «, o [A] is equal to zero when restricted to
the secondary characteristic classes.

Proof. Letc e H*(WOy,) beasecondary class. By [7], we may assume that
¢ =hih;c;with2i — 1+ 2|J| > 4q, where I might be empty. The image of ¢
under .. o [A] will be alinear combination of classes of the form h;-h;c; with
2i' —=1+2|J'|=2i —142|J| butnow i’ < g. Thisimpliesthat |J'| > ¢ and
hence ¢;» = 0 by the Bott vanishing theorem. O

Example2.6. Let I" bealatticein SL(¢g + 1; C) suchthat M = I'\ SL(g +
1; C)/ SU(q) isaclosed manifold, whereSU(¢) = {1}®SU(g) C SL(¢+1; C).
Assumemoreover that N = I'r\ SL(¢ +1; R)/ SO(g) isaso aclosed manifold,
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where Ik = I'NSL(g + 1; R) and SO(g) = {1} & SO(q) € SL(¢ + 1; R). It
iswell-known that such a I" exists[4]. Let H be the subgroup of SL (g + 1; C)
defined by

H= {(g lb)) €SL(g+1:C)laeC, beC, DeM(q;C)}
andset Hr= HNSL(¢ + 1, R).

Let F bethefoliation of M induced by the cosets of H, namely, the foliation
whose leaves are of the form gH SU(q), where g € SL(g + 1; C). Similarly,
we denote by Fr thefoliation of N induced by Hg. It isclassically known that
the Bott class of F and the Godbillon-Vey class of Fr are non-trivial. They
are represented as follows, namely, first let w;;, 0 < i, j < ¢ be the natural
dua basis of M (g + 1; C), where rows and columns are counted from zero.
Note that w;; are naturally decomposed into the real and the imaginary parts:
wij = nij ++/—1v;;. The Bott class of  is represented by the (2g + 1)-form

1 q+1
w= (— ZZ +__1) woo A (dwoo)?

while the Godbillon-Vey class of Fr isgiven by the (2¢ + 1)-form

q+1 q+1
wR = (_—n) noo A (dneo)?.

It follows that
(v =D)4*h*(Bott, (F)) = GV (Fr),

wherei: N — M isthe natural inclusion. Noticing that

1
Im BOttq(.T) = _qu(f)»

one can seethat i * coincides with either . or ¢ according to the codimension g.
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